Abstract. The category of all additive functors Mod(mod Λ) for a finite dimensional algebra Λ were shown to be left Noetherian if and only if Λ is of finite representation type by M. Auslander. Here we consider the category of all additive graded functors from the category of associated graded category of mod Λ to graded vectorspaces. This category decomposes into subcategories corresponding to the components of the Auslander-Reiten quiver. For a regular component we show that the corresponding graded functor category is left Noetherian if and only if the section of the component is extended Dynkin or infinite Dynkin.
Introduction
In this paper we use the concepts of and the results on Koszul and Artin-Schelter regular categories from [MVS1, MVS2] to study the connected components of the Auslander-Reiten quiver of a finite dimensional algebra. The results presented here can be seen as an analogue of the work of Auslander in [A, Theorem 3.12 and 3.13] . There Auslander characterized when the category of all additive contravariant functors from the category of finitely generated modules over a finite dimensional algebra Λ to abelian groups is left (or right) Noetherian (as defined in [M] ). This happens if and only if the algebra Λ is of finite representation type (that is, it has only a finite number of non-isomorphic indecomposable finitely generated modules). In this paper, instead of considering the above functor category, we consider the category of all additive contravariant graded functors from the associated graded category of the category of finitely generated Λ-modules to graded vector spaces. The associated graded category of the category of finitely generated left Λ-modules is a disjoint union the associated graded category of the additive closure of each component K in the Auslander-Reiten quiver. So going to this associated graded world, the problem is reduced to considering one component K at the time and the associated graded category A gr (K) of that component K. The main result for regular components K in this paper is that the category of graded functors from A gr (K) to graded vector spaces is left Noetherian if and only if the sections of K are infinite Dynkin diagrams A ∞ , D ∞ or A ∞ ∞ or extended Dynkin diagrams. This is also shown to be equivalent to having finite Gelfand-Kirillov dimension. Now we describe the organization and content of this paper section by section. In Section 1 we prove elementary properties of the Ext-category, E(A gr (mod Λ)), of the associated graded category A gr (mod Λ), where mod Λ is the category of finitely generated left Λ-modules. In particular, any finitely generated projective object in Gr(E(A gr (mod Λ))) has Loewy length at most 3 and the only indecomposable finitely generated objects with Loewy length 3 are projective injective objects. Considering only objects of Loewy length at most 2 in gr(E(A gr (mod Λ))), we show in Section 2 that this is stably equivalent to a hereditary category. This gives rise to the separated quivers of a component of the Auslander-Reiten quiver, which correspond to special sections of the Auslander-Reiten quiver of Λ. We remarked in [MVS1] that the associated graded category A gr (mod Λ) decomposes into a direct product of categories, one category A gr (add K) for each component K in the Auslander-Reiten quiver of Λ. Therefore in Section 3, 4 and 5 we discuss the category Gr(A gr (K)) for a single component K of the Auslander-Reiten quiver of Λ. Section 3 is devoted to the non left Noetherian case, where we show that if a stable section of the Auslander-Reiten quiver contains a finite full connected subgraph which is finite of wild type, or infinite and not of the form A ∞ , D ∞ or A ∞ ∞ , then Gr(A gr (K)) are not left Noetherian having infinite Gelfand-Kirillov dimension. When a section of the left stable part of a component K of the Auslander-Reiten quiver is of type A ∞ , D ∞ or A ∞ ∞ , we show in Section 4 that gr (A gr (K) ) is left Noetherian and of finite Gelfand-Kirillov dimension. In Section 5 components K of the Auslander-Reiten quiver with sections of the left stable part being of Dynkin or extended Dynkin type are shown to imply that gr(A gr (K)) has Gelfand-Kirillov dimension 0, 1 or 2. Section 6 considers quotient categories. When C is the associated graded category A gr (K) of a regular component K or it is a component of the stable category of A gr (K) of a non-regular component K with a stable section of type A ∞ , D ∞ or A ∞ ∞ , then the quotient category Qgr(C), that is, gr(C) 0 modulo functors of finite length, is left Noetherian of global dimension one with Serre duality. The final part of the paper, given as an appendix, describes the relations of the associated graded category A gr (mod Λ) as a quotient of the free tensor category T (A gr (mod Λ)).
Recall the following notation from the earlier papers [MVS1, MVS2] . Let C be a graded K-category. Denote by Gr(C) 0 the category of all additive graded functors F : C op → Gr(K) with morphisms being the natural transformations of degree zero. By Gr(C) denote the category having the same objects as Gr(C) 0 while the morphisms are given by Hom Gr(C) (F, G) = i∈Z Hom Gr(C)0 (F, G[i] ).
The full subcategories consisting of the finitely generated objects in Gr(C) 0 and Gr(C) are denoted by gr(C) 0 and gr(C), respectively.
The Ext-category of a module category
Let Λ be a finite dimensional K-algebra over an algebraically closed field K. This section is devoted to showing some elementary properties of the Ext-category, E(A gr (mod Λ)), of the associated graded category A gr (mod Λ) of mod Λ. We prove that all the indecomposable projective functors P C = Hom E(Agr(mod Λ)) (−, S C ) in Gr(E(A gr (mod Λ))) have finite length and Loewy length at most 3, and that P C is projective injective for C non-injective. In particular, a functor in Gr(E(A gr (mod Λ))) is finitely generated if and only if it has finite length.
First we recall how the associated graded category A gr (mod Λ) of mod Λ is constructed. The category A gr (mod Λ) has the same objects as mod Λ, and the morphisms between A and B in A gr (mod Λ) are given by Hom Agr (mod Λ) ( (A, B) for all objects A and B in E(D ).
To make it clear how we apply this to mod Λ, we recall the following from [MVS1] . Throughout let C denote the category Mod(mod Λ) of all additive functors F : (mod Λ)
op → Mod K. Let S(C) be the full additive subcategory of C generated by all simple functors S C = Hom Λ (−, C)/ rad(−, C) : (mod Λ) op → Mod K for all indecomposable modules C in mod Λ. Then the Ext-category E(S(C)) has the same objects as S(C) and the morphisms are given by Hom E(S(C)) (A, B) = i≥0 Ext i C (A, B) for all objects A and B in E(S(C)). For simplicity we write E(C) for E(S(C)). Since mod Λ is weakly Koszul, [MVS1, Proposition 4.2 and Proposition 4.7] implies that A gr (mod Λ) is Koszul and that E(C) is equivalent to E(A gr (mod Λ)). It is the latter Ext-category we consider in this section. We use these facts freely throughout the paper.
It follows from [MVS1, Theorem 2.9 ] that Gr(A gr (mod Λ)) has global dimension 2. Therefore, in E(A gr (mod Λ)) the radical, rad(−, −), is given by
The indecomposable projective functors in Gr(E(A gr (mod Λ))) are of the form Hom E(Agr(mod Λ)) (−, S C ) = 2 i=0 Ext i C (−, S C ) up to shift, and the simple functors are given as Hom C (−, S C ) for some indecomposable module C in mod Λ, up to shift. Next we describe the support of a projective functor Hom E(Agr(mod Λ)) (−, S C ) in E(A gr (mod Λ)) and show that they are of finite length. Moreover, the radical layers of the projective functors are also given. To this end denote by E C fC − − → C and C f C − − → E C the minimal right and the minimal left almost split map ending and starting in C, respectively. When C is non-projective (or non-injective), the kernel of f C (or cokernel of f C ) is the Auslander-Reiten translate and it is denoted by τ C (or τ −1 C).
Proposition 1.1. Let C be an indecomposable Λ-module.
(a) The support of the functor Hom E(Agr(mod Λ)) (−, S C )) is given by
where the second and the third support set is empty if C is simple injective, and the third is empty if C is injective. (b) The functor Hom E(Agr(mod Λ)) (−, S C )) has finite length for all indecomposable Λ-modules C. Moreover, the radical layers of Hom E(Agr(mod Λ)) (−, S C )) are given by
where
The other radical layers are zero.
(c) A functor in Gr(E(A gr (mod Λ))) has finite length if and only if it is finitely generated. (d) Any finitely generated functor in Gr(E(A gr (mod Λ))) has Loewy length at most 3.
Proof. (a) We have that
Next we compute each of the three different supports above. Let X be an indecomposable Λ-module. Applying the functor Hom C (−, S C ) to the minimal projective resolution
It follows from this that
The set {X | X ∈ ind Λ, C ∈ add E X } is equal to {X | X ∈ ind Λ, X ∈ add E C }. Furthermore, this support set is empty if C is simple injective, and the third support set is empty if C is injective.
(b) We have that
and Ext
By [MVS1, Proposition 2.6 (e) ], Yoneda's Lemma and using that
This shows the claims in (b).
(c) By (b) the projective functor Hom E(Agr(mod Λ)) (−, S C )) has finite length. This in turn implies that any finitely generated functor in Gr(E(A gr (mod Λ))) has finite length. The converse implication is always true.
(d) For P C = Hom E(Agr(mod Λ)) (−, S C )) we have that
and rad 3 P C = (0).
The claim follows.
Recall that the usual graded duality D over the field induces a functor
by letting D(F ) = D • F . This functor maps finite length objects to finite length objects, and in particular simple objects to simple objects. Since the finite length objects in Gr(E(C)) (and the opposite category) coincide with the finitely generated objects (Proposition 1.1), we infer that D induces a duality from gr(E(C) op ) → gr(E(C)) and back. Using this we obtain the main result of this section. Theorem 1.2. Let C be an indecomposable Λ-module, and consider the indecomposable projective functor P C = Hom E(Agr(mod Λ)) (−, S C )) in Gr(E(A gr (mod Λ))). Then one of the following statements is true.
(i) P C is a simple projective, when C is a simple injective Λ-module.
(ii) P C is a projective of Loewy length 2, when C is a non-simple injective Λ-module. (iii) P C is a projective injective functor of Loewy length 3, when C is noninjective.
Proof. When C is a simple injective Λ-module, it follows from Proposition 1.1 (a) that the support of P C is only {S C }. We infer from this that P C = Hom C (−, S C ). When C is a non-simple injective Λ-module, there are irreducible morphisms starting in C. But C being injective, we obtain by Proposition 1.1 (a) that the support of rad 2 P C is empty, that is, rad 2 P C = (0). In other words, P C has Loewy length 2.
When C is non-injective, there are irreducible morphisms starting in C and τ −1 C is non-zero, so that the support of rad 2 P C is non-empty by Proposition 1.1 (a). We want to show that P C is isomorphic to D(Hom E(Agr(mod Λ)) (S τ −1 C , −)). The socle of this functor is given by D(Hom C (S τ −1 C , −)), and it is a simple functor with
By Proposition 1.1 (b) rad 2 P C is isomorphic to Hom C (−, S τ −1 C ). This gives rise to the following diagram.
Assume now that soc P C is simple, and therefore isomorphic to Hom C (−,
is a monomorphism on the socle, the whole morphism is a monomorphism. Let E C = t i=1 E i . Again using Proposition 1.1 (a) the length of P C is equal to t + 2. Applying similar arguments to D(Hom Agr(C) (S τ −1 C , −))[2] one can show that it has the same length. Hence P C and D(Hom C (S τ −1 C , −))[2] are isomorphic functors. Now we show that the socle of P C is simple. Let P X [1] → rad P C be a non-zero degree zero morphism, that is, P X [1] covers a simple functor in the top of rad P C . Shall show that this simple functor is not in the socle of P C . We have that S X is in the support of Ext 1 C (−, S C ), so that X | E C , or equivalently C | E X by Proposition 1.1 (a). The map is determined by the image of 1 SX , that is, an extension
This extension corresponds to a morphism θ : rad Hom Λ (−, X) → S C given by the commutative diagram
is an epimorphism, so that there exists some i 0 such that
is an epimorphism. Hence E i0 C and there is an irreducible morphism f :
This gives raise to the following commutative diagram.
Then the composition θ Hom Λ (−, f ) : Hom Λ (−, C) → S C represents the Yoneda of θ and η, and it is the projective cover of S C . Since
is the minimal projective resolution of S τ −1 C , the composition θ Hom Λ (−, f ) represents a non-zero element in Ext
is simple, it follows that the map P X → rad P C have non-zero image in the degree 2 part of P C . We infer from this that the socle of P C has no component in degree 1 and that P C has a simple socle. This completes the proof of the theorem.
The separated quiver of an Auslander-Reiten component
Let Λ be a finite dimensional algebra over an algebraically closed field K. Fix a connected component K of the Auslander-Reiten quiver of Λ. In the previous section we considered the associated graded category A gr (mod Λ). In this section we study the full subcategory A gr (K) of A gr (mod Λ) generated by the objects in K, via the corresponding Ext-category E(A gr (K)) (which is equivalent to E(K)). The full subcategory gr PI (E(K) op ) of gr(E(K) op ) consisting of all objects F in gr(E(K) op ) without any non-zero projective injective direct summands, is shown to be equivalent to a radical square zero graded K-category. Similar as for algebras, a radical square zero graded K-category is proved to be stably equivalent to a hereditary graded K-category. It is this hereditary graded K-category which gives rise to the separated quiver of the Auslander-Reiten component K, which is the main focus in this section.
We start by considering the full subcategory gr
op ) without any non-zero projective injective direct summands. Next we show that this category is equivalent to gr(E(K) op / rad 2 E(K) ), a radical square zero category.
Proposition 2.1. Let K be a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ. Then there is an equivalence of graded categories between gr PI (E(K) op ) and gr(
we have that rad 2 F Soc P when F P F , where P is a maximal nonzero projective injective direct summand of F . This is the case, since the indecomposable projective injective objects are precisely the indecomposable objects of Loewy length 3 by Theorem 1.2. Hence an object F in gr(E(K) op ) is in gr PI (E(K) op ) if and only if rad 2 F = (0). This is easily seen to be equivalent to that
, which in turn is equivalent to that F is in the image of the natural embedding gr(
op ) are equivalent graded categories.
Having shown that gr PI (E(K) op ) corresponds to a radical square zero graded K-category, we proceed by showing that for a locally finite radical square zero Krull-Schmidt graded K-category D, there is a hereditary graded K-category H such that gr(D) and gr(H) are stably equivalent. The construction of H follows along the lines of the similar result for the Artin algebra case presented in [ARS] .
Let D be a locally finite radical square zero Krull-Schmidt graded K-category with rad D (−, −) = Hom D (−, −) 1 . Now we explain how to construct the associate hereditary graded K-category H. Let D denote the objects in D, and let D i = (D, i) for i = 0, 1. Then H is the graded K-category with objects D 0 ∪ D 1 and morphisms given as follows. To explain the morphisms, we simplify the notation and denote by
We sketch the proof of why Gr(H) is hereditary next.
Lemma 2.2. The category Gr(H) is hereditary.
, which is a projective object by the above. Hence S D0 has projective dimension at most 1. Since any object in Gr(H) is filtered in simple objects, it follows that Gr(H) is hereditary. Now we show that gr(D) and gr(H) are stably equivalent when D and H are as above, where the stable category gr(?) is the category gr(?) modulo the ideal of morphisms factoring through projective objects. To this end let R(F, G) denote the natural transformations η in gr(D) between two functors F and G such that Im η ⊆ rad G. It is clear that R is an ideal in gr(D). Furthermore, let T be the full additive subcategory of gr(H) generated by the shifts of the simple projective functors Hom H (−, X 1 ) for X indecomposable in D. In addition, using that for H in gr(H) we have
for some objects D and D in D (having suppressed the shifts), it follows that
Here any direct summand H of H has the property that H (D 0 ) = (0) for some D in D. Denote by gr T (H) the full additive subcategory of gr(H) generated by all indecomposable objects H such that H(D 0 ) = (0) for some D in D. Then gr(H) is additively generated by gr T (H) and T . With this notation in mind we have the following. Proof. The proof follows along the lines of the one given for algebras.
(a) For F in Gr(D) define ϕ(F ) in Gr(H) on objects as
, and for i = 1,
as the map induced by the first map in the composition
where the composition is F (f ). This completes the definition of ϕ(F ) as an object in Gr(H). Observe that ϕ(
Next we need to define ϕ on morphisms in Gr(D). For a homogeneous morphism
Note that given a map f :
Using this it follows that ϕ defines a functor ϕ : Gr(D) → Gr(H).
The last diagram can be interpreted as the commutativity of the following diagram
with µ being induced by the multiplication. Let H be in gr T (H). Then the projective cover of H is of the form Hom H (−, D 0 ) for some D in D, and we have an exact sequence
We can consider 0 → P → rad(−, D) → rad H → 0 as an exact sequence of functors in gr(D). This gives rise to the commutative exact diagram
and therefore an isomorphism. Hence rad H = rad F . It follows that ϕ(F ) H in gr(H) and ϕ is dense in gr T (H).
Given a natural transformation ψ : F → G for F and G in gr(D) and assuming that ϕ(ψ) = 0, then it follows immediately that Im ψ ⊆ rad G and ψ is in Hom Gr(D) (F, rad G). Clearly any ψ in Hom Gr(D) (F, G) with this property, satisfies ϕ(ψ) = 0. This proves the claim in (a).
We can now imitate the proof of the algebra case [ARS] . We leave this generalization to the reader.
Let K be the additive closure of a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. We analyze the category
is a radical square zero category. Furthermore, using arguments as in the proof of Proposition 1.1 (b), there exists isomorphisms
and
for all X and Y in K. Let D be a graded category having as objects the objects of K and morphisms in degrees 0 and 1 given by
respectively. The composition of morphisms is the only natural one. Define a functor γ : E(K)/ rad 2 E(K) → D by letting γ(S X ) = X, and on morphisms we use the isomorphisms α and β.
Using the fact that the isomorphisms α and β are isomorphisms of D Y -D X -bimodules, it follows that we have the following.
Giving an equivalence γ of the category D with another category D amounts to defining an isomorphism between the End
for all D and D in D, since the composition of two degree 1 morphisms is zero. We use this to show that
2 . Define a graded category D having as objects the objects of D and morphisms in degrees 0 and 1 given by
for all X and Y in D . Again, the composition is the only natural one. For each pair of objects D and
The functor γ is an equivalence, since it gives an isomorphism of the bimodules we mentioned above. Moreover, the category D is nothing else than A gr (K) op / rad 2 . Now we apply Proposition 2.3 to the category
2 to obtain a naturally associated hereditary graded K-category H, when K is a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. The category H = H(K) has objects (C, i) with C in K and i = 0, 1 and morphisms
for
For each indecomposable module C of K denote by E C → C and C → E C the minimal right and the minimal left almost split morphisms, respectively. Given an indecomposable module C in K consider all the indecomposable direct summands X i of E C . For each X = X i consider all the indecomposable direct summands C of E X . Continuing in this way we obtain a full subcategory H C of H, where the C's are considered in the 0-th part of H and the X's in the 1-th part of H. The graded K-category H is a disjoint union of full subcategories of the form H C , where the objects in H C corresponds to sections of the Auslander-Reiten quiver of Λ. Furthermore, since H(C, C) K for all indecomposable objects C in H and
is the finite dimensional vector space over K spanned by the irreducible morphisms from C 0 to C 1 for C 0 and C 1 indecomposable in H, the categories gr(H C ) are equivalent to the category of finite dimensional representations of the corresponding section of the Auslander-Reiten quiver of Λ. For instance, if the underlying translation quiver of the component K is ZD 8 , then the categories gr(H C ) would correspond to representations one of the two quivers 1 0
where 0 and 1 indicate in which part of H the vertices belong. The associated quiver of a category H C with C in K is called the separated quiver of the component K at C. Summarizing the above we have proved the following.
Proposition 2.5. Let K be the additive closure of a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K.
2 ) is stably equivalent to gr(H), where H is a disjoint union of hereditary full subcategories corresponding to the sections of the Auslander-Reiten component of K given by H C for an indecomposable module C in K. (b) Each subcategory gr(H C ) is equivalent to the category of representations of the separated quiver of the component K of the Auslander-Reiten quiver at C.
If K is the additive closure of a regular component, then H C and H X with X a direct indecomposable summand of E C are opposite categories. This follows from the fact that [ARS] or [MVS2, Lemma 6 .1]).
Again let K be the additive closure of a connected component of the AuslanderReiten quiver of a finite dimensional algebra Λ over an algebraically closed field K.
Recall that an indecomposable module C in K is called stable if τ n C is defined for all n in Z. Let St(K) be the full subcategory of K generated by stable modules in K.
op ) is a Frobenius category, where E(St(K)) is the full additive subcategory of E(K) generated by the simple objects S C for C indecomposable in St(K).
The category E(St(K)) need not to be connected. If S C is simple with C in St(K) and in the almost split sequence 0 → τ C → E C → C → 0 all the indecomposable direct summands of E C are not in St(K), the only morphism ending in S C is the one corresponding to one-dimensional space Ext 2 Mod(K) (S C , S τ C ). Also τ C has the same properties as C, so that in the category E(St(K)) we have a subcategory of the type · / / · / / · / / · / / · with zero relations. We say that a component of E(St(K)) is proper if it is not of the above type.
Denote by gr PI (E(St(K)) op ) the full subcategory of gr(E(St(K)) op ) consisting of all functors with no non-zero projective injective summands. As in Proposition 2.1 the category gr
). This again is stably equivalent to gr(H) for some hereditary category H, from which we can construct sections as above.
By an easy generalization of the arguments in [MV] , it follows that a proper finite component of E(St(K)) is Koszul if and only if its sections are non-Dynkin. For a regular component K we have that St(K) = K. Since E(K) is Koszul, then any component of E(K) with a finite section has a section which is non-Dynkin. From the above discussion we have the following. Theorem 2.6. Let K be a connected regular component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. 
Non-Noetherian components of the Auslander-Reiten quiver
Considering the functor category Mod(mod Λ) for a finite dimensional algebra Λ, Auslander showed in [A, Theorem 3.12 and 3.13] that Mod(mod Λ) is left Noetherian if and only if only if Λ is of finite representation type. This is again equivalent to the fact that all finitely generated functors in Mod(mod Λ) has finite length. Recall that Mod(mod Λ) or mod Λ is called left Noetherian in the sense of [M] , when all representable functors Hom Λ (−, C) with C in mod Λ are Noetherian.
This section is devoted to investigating a relationship between representation theoretic aspects of Λ and the category Gr(A gr (mod Λ)). We pointed out in [MVS1, end of Section 3] that the category Gr(A gr (mod Λ)) is a disjoint union of categories Gr(A gr (K)), where K runs over all the different components in the AuslanderReiten quiver of Λ. Hence we can focus on one connected component K of the Auslander-Reiten quiver at the time. In particular, we discuss when the category Gr(A gr (K)) is not left Noetherian. This happens if a stable section of the connected component K contains a finite full connected subgraph which is finite of wild type, or infinite and not an infinite Dynkin quiver A ∞ , D ∞ or A ∞ ∞ . Furthermore, we assign a Gelfand-Kirillov dimension to each component K, and we show that it is infinite in the above case. Some of the statements in this section use the notion of a generalized Artin-Schelter regular category we introduced in [MVS2] . It is too extensive to recall all the necessary background for this, so we refer the reader to this paper for the definition and elementary properties of generalized Artin-Schelter regular categories.
We begin by defining the Hilbert series of a graded functor as it is done for a graded module. Let C be a positively graded K-category, and let F be an object in Gr(C). Define the degree i part F i of F to be F i (X) = F (X) i for all i in Z, which we naturally interpret as an object in Gr(C).
Definition 3.1. Let C be a positively graded K-category, and let F be an object in Gr(C) such that in each degree i, the degree i part, F i , of F has finite length. Define the Hilbert series of F as
where (F i ) denotes the length of the functor F i . A functor F satisfying the above condition is said to be locally finite.
Moreover, pushing this analogy with graded modules (over a finite dimensional algebra) further we define Betti numbers for a functor.
Definition 3.2. Let C be a positively graded K-category with rad C (−, −) = Hom C (−, −) ≥1 , and let F be a bounded below functor in Mod(C) (or Gr(C)). The Betti numbers β F (i) of F for i ≥ 0 are given as
where (G) denotes the length of a functor G.
As for classical Koszul theory the Hilbert series and the Betti numbers are connected. We point out a similar result in the setting we need it next.
Theorem 3.3. Let C be a graded generalized Artin-Schelter regular Koszul category with all simple objects in Gr(C) of projective dimension 2. Let F in Gr(C) be a linear functor. Then for any i ≥ 0 we have that
Proof. Let F be a linear functor in Gr(C). For a linear functor G (or a functor generated in one degree), we have that
op ) has a minimal projective resolution given by 
. 
This shows that β Ext *
The Gelfand-Kirillov dimension of a graded module M = i∈Z M i over a graded K-algebra is defined as lim sup n→∞ log n ( n i=−n dim K M i ). We extend this verbatim to our setting.
Definition 3.4. Let C be a graded K-category.
(a) Let F be a functor in Gr(C). The Gelfand-Kirillov dimension of F is
(b) The Gelfand-Kirillov dimension of C, or equivalently of gr(C), is given by
Note that in the definition of the Gelfand-Kirillov dimension we only need to compute the dimension of finitely generated projective objects.
Having done the above preliminary results and definitions, we are ready to give the key proposition from which the main result of this section is derived. 
Since gr(E(K)
op ) is a category of finite length objects, gr(E(K) op ) has almost split sequences and we can use the same arguments as in [MV] to prove that E(L) op is Koszul. Therefore by [MVS2, Theorem 6 .4] the graded category E(E(L) op ) op is Koszul generalized Artin-Schelter regular of dimension 2.
(c) By (b) it is enough to show that E(E(L) op ) op and A gr (K)/B are equivalent graded categories. This is done by showing that they are equivalent to the same quotient of the free tensor category T (A gr (K)/B) (see Section 5 of [MVS1] ).
The category A gr (K)/B has the same objects as A gr (K) while the morphisms are given by
In addition there is a full and dense functor For X and Y in A gr (K) we have the following commutative diagram
where all the vertical morphisms are epimorphisms. In turn this induces the following commutative exact diagram of Butler resolutions
for all C in L, where we have left out Hom on the Hom-sets. Furthermore, when C is an indecomposable module in L, one can show that all the vertical morphisms in the above diagram are epimorphisms. It follows that I B is generated in degree 2.
Let 0 → τ C → E C → C → 0 be the almost split sequence ending in C with C indecomposable in L, where E C = E E with E being the maximal direct summand of E C which is in L. Restricting to the degree 2 part of the above diagram and noting that B(−, C) 1 = rad(−, C)/ rad 2 (−, C)| B , we obtain the following commutative diagram
where all vertical maps are epimorphisms. Since we have a proper section, the module E = (0). If α : τ C → E and β : E → C are the irreducible morphisms occuring the almost split sequence for C, then it follows that β⊗α is in (I B ) 2 (τ C, C) and (I B ) 2 (τ C, C) is non-zero.
The rows in the above commutative diagram are split exact since they are exact sequences of semisimple functors. Applying Hom(−, S X ) to the above commutative diagram we obtain
for a pair of indecomposable modules Y and Z in K as in the proof of Proposition 1.1 (b). Furthermore,
Since α is a monomorphism and (I B ) 2 (−, C) also is non-zero evaluated on τ C, we conclude that
This give rise to the following exact commutative diagram
can be shown to be the naturally defined Yoneda products (for further details see the Appendix: Yoneda Products). Dualizing again we obtain the diagram ( ‡). Therefore (J 2 ) ⊥ (X, C) = (I B ) 2 (X, C) and (J 2 ) ⊥ (X, C) = I 2 (X, C). Hence This leads to the main result of this section, giving sufficient condition of nonNoetherianity of the associated graded category A gr (K) of a connected component K of the Auslander-Reiten quiver of a finite dimensional algebra.
Theorem 3.6. Let K be a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. Denote by S = ∪ j∈Z S j the sections of K, and by S = ∪ j∈Z S j the stable sections. Assume that some S j contains a finite full connected subgraph S j which is finite of wild type, or infinite and not of the form
Then the category Gr(A gr (K)) is not left Noetherian, and Gr(A gr (K)) has infinite Gelfand-Kirillov dimension.
Proof. Under the assumptions of the theorem we can choose a subcategory L of K with a finite section being a connected quiver of wild representation type. Then
op by Proposition 3.5, where B is defined as in the proof of Proposition 3.5. Using arguments as in [MV] or Theorem 5.3 it follows that Gr(E(E(L) op ) op ) is not left Noetherian and of infinite Gelfand-Kirillov dimension.
The full and dense quotient functor A gr (K) → A gr (K)/B induces an embedding Gr(A gr (K)/B) → Gr(A gr (K)). Hence the categories Gr(A gr (K)/B) and Gr(A gr (K)) are not left Noetherian and have infinite Gelfand-Kirillov dimension.
For an Artin-Schelter regular algebra in the sense of [AS] , the definition includes having finite Gelfand-Kirillov dimension. It is unknown whether it is automatically Noetherian too. Observe that in the result above, we show that whenever we know that Gr(A gr (K)) is not left Noetherian, then it has infinite Gelfand-Kirillov dimension.
In the next two sections we discuss the situation when the component is one of the exceptional cases we left out in the previous result, of type A ∞ , D ∞ and A In this section we prove that if K is an Auslander Reiten component with left stable part of type D ∞ , A ∞ , or A ∞ ∞ , then gr(A gr (K)) has Gelfand-Kirillov dimension 2 or 1, and Gr(A gr (K)) is left Noetherian. The proof will be based on combinatorial arguments.
A crucial lemma for us is the following general result concerning the support of the radical layers in A gr (K) for a component K in the Auslander-Reiten quiver. To this end define the left stable part lSt(K) of a component K of an Auslander-Reiten quiver as the full subquiver consisting of all modules which do not belong to a τ −1 -orbit of an indecomposable projective module in K.
Lemma 4.1. Let Λ be a finite dimensional algebra over an algebraically closed field K. Consider a connected component K of the Auslander-Reiten quiver of Λ and fix an indecomposable module C in K. Then there exists an integer n C such that the support of rad n (−, C)/ rad n+1 (−, C) for all n ≥ n C is contained in lSt(K).
Proof. Let K be a connected component of the Auslander-Reiten quiver of the finite dimensional algebra Λ, and fix an indecomposable module C in K. An indecomposable module X in K is said to be at a distance d from C if there exists a path from X to C and there exists a path of length d in the Auslander-Reiten quiver.
The support of rad n (−, C)/ rad n+1 (−, C) consists of modules at distance n from the module C.
If K does not contain any τ -periodic modules, then, since any component has only a finite number of indecomposable projective modules, for n sufficiently large modules with distance at least n from the module C is in the left stable part of the component K. Hence the claim follows.
Assume that K contains an indecomposable τ -periodic module M with M τ t (M ) for some t ≥ 1. Let
be the almost split sequence starting in M , where E = m i=1 E i with E i indecomposable non-projective non-injective modules, P I is a maximal injective and projective direct summand of the middle term of the sequence, P is projective, and I is injective. Let P be an indecomposable direct summand of P . Then both τ −t (P ) and τ −t (E i ) are either zero, or isomorphic to an indecomposable direct summand of E I. If τ −t (P ) is zero or isomorphic to an indecomposable direct summand of I, then the τ −1 -orbit of P is finite. So assume that τ −t (P ) is isomorphic to some E i . Then using the above τ −lt (E i ) = τ −(l+1)t (P ) is either zero or isomorphic to an indecomposable direct summand of E I for l ≥ 0. If there exist infinitely many l ≥ 0 such that τ −lt (E i ) is a direct summand of E, then there exists an E i that would occur in {τ −lt (E i )} l≥0 twice, hence E i and therefore E i are τ -stable. This is impossible as τ −t (P ) E i . Hence we obtain that the τ −1 -orbit of any indecomposable direct summand of P is finite. By dual arguments all the indecomposable direct summands of I has a finite τ -orbit. We infer from this that the τ −1 -orbits of projective modules or (τ -orbits of injective modules) connected to τ -stable modules in K are finite. For any fixed module X there exists an integer n X so that X is not in the support of rad n (−, C)/ rad n+1 (−, C) for n ≥ n X . So by choosing n 0 sufficiently large, none of the modules from the τ −1 -orbits of projective modules connected to τ -stable modules in K are in the support of rad n (−, C)/ rad n+1 (−, C) for n ≥ n 0 . By possibly choosing n 0 even larger, we also avoid the τ −1 -orbits of indecomposable projective modules connected to a module which is not τ -stable in K. This completes the proof of the lemma.
The main result in this section is the following. 
Proof. Let C be an indecomposable module in K. By Lemma 4.1 there exists an integer n C such that the support of rad >nC Agr(K) (−, C) consist only of indecomposable modules from lSt(K). We can think of rad 
for some integers k C and l C . Hence the growth of the length of rad ≤m Agr(K) (−, C) for m ≥ n C is the same as the growth of rad ≤m−nC Agr(lSt(K)) (−, X) when imposing mesh and zero relations on the subcategory lSt(K) in A gr (K), where X is the direct sum of the indecomposable modules in the support of rad nC Agr(K) (−, C). This corresponds to factoring A gr (K) by the ideal generated by all morphisms factoring through any object in a τ −1 -orbit of a projective module in K, say B. When we consider the category A gr (lSt(K)) with mesh and zero relations, we denote it by A gr (K) mesh . Then there is a natural quotient functor A gr (K) → A gr (K) mesh , which induces an embedding gr (A gr (A gr (K) mesh ) ). Since we also have the reverse inequality, these dimensions are equal.
We want to show that (rad
for any indecomposable module Z in lSt(K). The claim concerning the GelfandKirillov dimensions then follows immediately from this.
We start with the D ∞ case and make use of the following picture. (Figure 1 
e e e e e : :
; ; w w w w w w where we have meshes of the form
with c 1 , c 2 , and c 3 in K * , and
In addition there are similar mesh relations for the meshes with only two middle terms. For simplicity we assume that all constants c 1 , c 2 and c 3 and the constants appearing in the mesh relations with two middle terms all are equal to 1. We denote by x a path of the form (σ k α 1 )(σ k β 1 ), by y a path of the form (σ k α 2 )(σ k β 2 ), and by z a path of the form (σ k α 3 )(σ k β 3 ). The above relations imply that x + y + z = 0, x 2 = 0 and y 2 = 0. Furthermore, we have that yx = −zx, xy = −xz, yx = −yz, and xy = −zx. With these relations in mind, there are the following linearly independent maps starting and ending in a vertex which is the starting vertex of some σ k β 1 , namely γ = · · · yxyxyx and δ = · · · xyxyxy or equivalently the maps ρ 1 = xz n and ρ 2 = yz n , since xy · · · xyxyxy = (−1) 2n−1 xz 2n−1 and yx · · · yxyxyx = (−1) 2n−1 yz 2n−1 . Now consider any map f : v → w. Let e w be where the backward and upward diagonal from w meets the edge as in the diagram below. If v is above the backward and downward diagonal from e w (as in the diagram below), it follows from the above that f is a linear combination of ρxγρ and ρyγρ. Here ρ, γ and ρ are as indicated in the diagram below. If v is strictly below the backward and downward diagonal from e w , there is only one map from v to w up to scalar multiplication.
Hence the map f is equal to ρ(ax + by)γρ for some a and b in K. Combining these observations we obtain that the number of linearly independent maps are given as in the following diagram.
If w is on one of the two upper rows, there is a slight difference in the distribution of the dimensions, but in any case it follows that (rad ≤m Agr (K) mesh (−, Z)) grows like a degree 2 polynomial in m for any indecomposable Z. Hence we infer that the Gelfand-Kirillov dimension of Hom Agr(K) (−, C) is 2 for any indecomposable module
It is easy to see in the
for any indecomposable Z, so that GKdim(A gr (K)) = 2 also here.
It remains to compute the Gelfand-Kirillov dimension in the A ∞ -case. We have the following distribution for the dimensions of rad
It follows from this that (rad
is a constant for i 0, and therefore the Gelfand-Kirillov dimension of gr (A gr (K) ) is 1. This ends the proof on the values of the Gelfand-Kirillov dimensions. Now we begin the proof of the graded category Gr(A gr (K)) being left Noetherian. We start with the case lSt(K) being of type D ∞ . We use combinatorial arguments on Figure 1 .
We need to show that all representable functors in Gr(A gr (K)) are Noetherian. It is not too hard to see that it is enough to prove that Hom Agr(K) (−, w) is Noetherian for any indecomposable object w in K. Let N be an subfunctor of Hom Agr(K) (−, w) with w indecomposable in K. Let i∈I Hom Agr(K) (−, v i ) π − → N be a projective cover of N . We prove that there exists a finite subset J ⊂ I such that the restriction π of π to i∈J Hom Agr(K) (−, v i ) is onto.
Let ν : N → Hom Agr(K) (−, w) be the natural inclusion. Then νπ is given by maps f vi : v i → w such that i∈I Hom Agr (K) (−, f vi ) = νπ. We prove that there exists a finite set J such that each f vi factors through j∈J f vj .
The intersection Supp(rad ≤nw Agr(K) (−, w)) ∩ {v i } i∈I = {v j } j∈J0 is finite, so we restrict our attention to the objects in the intersection of {v i } i∈I and the support of rad >nw Agr (K) (−, w). Suppose that the intersection of {v i } i∈I and the support of rad nw Agr(K) (−, w) is {w 1 , . . . , w t }. We show first that we only need to include a finite number of the v i 's in {v i } i∈I and in the support of Hom Agr(K) (−, w 1 ). Let w 1 be w in Figure 1 . Subdivide Figure 1 in different areas. The object w 1 = w is at a distance k to the mouth of the component, and it determines a k × k square with vertices w 1 at the mouth, v = τ k w, and w 0 at a distance k of w on the diagonal parallel to v − w 1 . The area A is this k × k square. The area B is the triangle bounded by the mouth of the component and the diagonals v − w 1 and v − w 0 . The area C is the strip below the diagonal v − w 0 , and between the diagonals v − w 1 and w 0 − w. The area D is the area left of v and bounded by diagonals v − w 0 and v − w 1 .
We see now how the objects {v i } i∈I in the covering of N are distributed in these areas. Using again that we can assume that we have mesh relations, observe the following.
(1) There exist a finite number of such objects {u 1 , u 2 , . . . , u tA } in area A.
(2) There exist a finite number of such objects {u 1 , u 2 , . . . , u tB } in area B and from each object at most two linearly independent maps to w. (3) The objects from {v i } i∈I which are in area C are on a finite number of diagonals parallel to the diagonal w 0 − w, we can choose from each of these diagonals an object which is at minimal distance from the diagonal w 1 − w to obtain a finite number {u 1 , u 2 , . . . , u kC } of objects from {v i } i∈I which are in area C. Since there is only one path from objects in area C to w, given any object u in C and u in {v i } i∈I , the map f u : u → z factors through some f u i : u i → w.
Using this, it then remains to study the objects in area D. We start moving on diagonals parallel to the diagonal v − w 1 beginning from the first one above v − w 1 until we find one with an object v from {v i } i∈I and choose the one closest to the
We can enlarge B to an area B ∪ B , where B is the area bounded by the mouth and the diagonals v 1 − v parallel to v − w 0 and v − v 2 , parallel to v − w 1 , where v 1 and v 2 are vertices at the mouth.
There is only a finite number of objects {u 1 , u 2 , . . . , u t B } from {v i } i∈I in area B ∪ B and for each at most two linearly independent maps to w. We obtain a new area D bounded by diagonals v 1 − v , v − v 2 and left of v . Then any map g from an object v of {v i } i∈I from in D to w is of the form.
where g = ρ(a x + b y)γγ 0 γ 1 γ 2 . Then one of the following two cases occur.
(i) There is some c in K \{0} such that a x+b y = c(ax+by). Then g = cf γ 1 γ 2 and g factors through f . (ii) σ = a x + b y and ζ = ax + by are linearly independent, hence they are a basis of the maps of length two from τ w 1 to w 1 . Assume v is on the first diagonal parallel to v −τ w 1 and above v −τ w 1 (it could be v −τ w 1 ) that contains an object from {v i } i∈I with σ and ζ linearly independent and assume further that v is the object nearest v .
We enlarge now B ∪ B to an area B ∪ B ∪ B , where B is the area bounded by the mouth and diagonals v − v 1 parallel to v − w 1 and v − v 1 parallel to w 1 − w with v 1 and v 1 at the mouth, obtaining a finite number of objects {u 1 , u 2 , . . . , u t B } from {v i } i∈I in B ∪ B ∪ B and for each object at most two linearly independent maps to w.
Let D be the area left of v bounded by diagonals v 1 −v and v 1 −v . Consider f u : u → w with u in {v i } i∈I ∩ D . Then f u = ρ(a x + b y)γγ 0 γ 1 γ 2 γ 3 . Then there exists c and d in K such that
is a factorization of f u . Then one can prove that any morphism f i : v i → w with v i in the support of Hom Agr(K) (−, w 1 ) factors through the maps that we added to the set J 0 . We do this process for all the w i 's in {w 1 , . . . , w t }. If we in addition add the finite set of v i 's which is not in ∪ t i=1 Supp(Hom Agr(K) (−, w i )), then we have proved that there is a finite subset J of I such that j∈J Hom Agr(K) (−, v j ) → N is onto. This shows that N is finitely generated and Gr (A gr 
In case lSt(K) is of type A ∞ or of type A ∞ ∞ , the fact Gr(A gr (K)) is left Noetherian is proved by similar arguments, but the proof becomes much simpler. We leave the proof to the reader in these two cases.
5. Noetherian components of the Auslander-Reiten quiver, sections of Dynkin and extended Dynkin type
We saw above that when K is a regular component, then the sections of A gr (K) are either infinite or finite of non-Dynkin type. However if K is a component containing projective modules, then the left stable part lSt(K) might be of finite representation type or tame representation type, that is, of Dynkin or extended Dynkin type.
First we discuss the Dynkin case.
Theorem 5.1. Let K be a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. Assume that lSt(K) is of Dynkin type. (b) This is an immediate consequence of (a).
Next we treat the case when lSt(K) is of extended Dynkin type for a connected component K of the Auslander-Reiten quiver of a finite dimensional algebra. This is done in several steps. First we recall some results for the Coxeter transformation from [dlPT] that we use later in this section.
Let Q be a finite quiver with n vertices and no oriented cycles. Let M be an indecomposable non-projective KQ-module. Let 0 → P 1 → P 0 → M → 0 be a minimal projective resolution of M . Then we have the exact sequence
Let C be the Cartan matrix of KQ, and let φ = −C −T C be the Coxeter transformation. For any indecomposable projective KQ-module P i we have dim P i = e i C T , where e i is the elementary n × n-matrix with 1 as the (i, i)-entry. This implies that dlPT] ). Let Q be a finite quiver with n vertices, that has a sinksource orientation. Denote by C the Cartan matrix of KQ.
(a) Assume that Q is extended Dynkin. Then the following hold. with λ = 0 and ρ > 1, where ρ is the spectral radius.
We apply these results to our situation. Let K be a connected component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. Assume that lSt(K) is of extended Dynkin type ∆. As before we are interested in computing the growth of (rad ≤m Agr(K) (−, C)) for any indecomposable module C in K. Also, as we have observed earlier, the growth of this is controlled by A gr (lSt(K)) mesh . Hence for the growth of (rad ≤m Agr (K) (−, C)) we can assume that K = St(K). So assume that K is a regular component with sections given by extended Dynkin diagrams. Since A gr (K) is Koszul, the length of rad m Agr(K) (−, C) for C indecomposable in K, is the same as the length of the top of the m-th syzygy of S op C = Hom Gr(E(K) op ) (S C , −)/ rad(S C , −) using the Koszul duality. In addition gr(E(K) op ) is a Frobenius Koszul K-category with radical cube zero. Denote by (M ) has Loewy length 2, its dimension over K is the sum of the dimension of its top and its socle, that is,
Assume that M has a minimal projective presentation given by
This gives rise to the exact sequence
We have that
From this we infer that
Assume now that M is a linear gr(E(K) op )-module, and let
. This leads to the equality
With these preliminaries we are ready to prove the main result for components with a left stable part of extended Dynkin type. Proof. We observed above that the growth of (rad ≤m Agr (K) (−, C)) for C indecomposable in K is controlled by A gr (K) mesh , so we can assume that K is a regular component with sections given by a finite quiver Q or
op ) → L(K) be the Koszul duality between the categories of linear modules. Let L be an indecomposable linear object in gr(K).
is an indecomposable linear object in gr(E(K) op ). Hence M is in gr(E(K) op / rad 2 ). Recall that we have a functor ϕ :
, by the above discussion we need to compute | n l=0 (dim N )φ l | in order to compute the growth of (L ≤2n ). Here φ is the Coxeter transformation of KQ. In particular we would like to do this for L indecomposable projective, and hence N simple. Recall that we have
Let C be the Cartan matrix for KQ. 
with a and b positive integers independent of l.
for all l ≥ 1 and both a and b are positive non-zero integers, it follows that lim sup
and GKdim L = 2.
If dC −T v = 0, then vφ d = v and similarly as above we get
for some integers c 0 and c 1 . Furthermore
This implies the GKdim L = 1 in this case.
We can always choose N such that dC −T v T = 0. It follows from this that the Gelfand-Kirillov dimension of gr(K) is 2.
(b) Assume that Q is not of Dynkin or extended Dynkin type. We have that τ 
and furthermore
This shows that the Gelfand-Kirillov dimension of gr(K) is infinite.
Combining Theorem 3.6, 2.6, 4.2 and 5.3 we have the following characterization of when Gr(A gr (K)) is left Noetherian for regular components K.
Theorem 5.4. Let K be a connected regular component of the Auslander-Reiten quiver of a finite dimensional algebra Λ over an algebraically closed field K. Then the following are equivalent.
The sections of K are of extended or infinite Dynkin type.
Quotient categories
In this section we want to consider either the associated graded category A gr (K) of a regular Auslander Reiten component K, or a connected component of the stable category A gr (K)/B of a non-regular component K, of a finite dimensional algebra Λ over an algebraically closed field K. Here B denotes the ideal in A gr (K) consistings of all morphisms factoring through non-τ -stable modules in K. We denote either of the two categories by C = C(K) and call it the Artin-Schelter regular category of a component of the Auslander-Reiten quiver. In the abelian category gr(C) 0 consider the full subcategory tors(C) of all objects of finite length. This is a Serre subcategory, thus we can form the quotient Qgr(C) = gr(C) 0 /tors(C). We prove that Qgr(C) is left Noetherian of global dimension one with Serre duality whenever K is a component with stable section an infinite Dynkin type. We end the section by showing a partial converse.
We begin by showing that Qgr(C) is left Noetherian whenever K is of infinite Dynkin type.
Theorem 6.1. Let C be an Artin-Schelter regular category of a component of the Auslander-Reiten quiver of a finite dimensional algebra Λ, and assume the section is of type D ∞ , A ∞ or A ∞ ∞ . Then Qgr(C) is left Noetherian.
We have j i = jj i and define θ = jθ . Then the following diagram commutes.
By the universal property of coproducts π(η) = θ.
The morphism η factors as i≥0 F i η − → Im η → F . Since C is left Noetherian and F is finitely generated, Im η is covered by a finite sum, that is, there exists a finite set I of positive integers such that the restriction η = η| i∈I F i : i∈I F i → Im η is onto. Applying π we obtain an epimorphism π(η ) : i∈I π(F i ) → Im π(η). Since Im θ = ∪ i≥0 π(F i ) = Im π(η) = Im π(η ), the subfunctor ∪ i≥0 π(F i ) is finitely generated and therefore π(F i0 ) = ∪ i≥0 π(F i ) for some i 0 . Hence the chain becomes stationary and Qgr(C) is left Noetherian.
In the sequel we use the following analogous result for Koszul algebras, where the proof is as for the algebra case.
Lemma 6.2. Let C be a Koszul K-category, and let F be a functor of finite projective dimension in Gr(C) with F having a finitely generated projective resolution. Then there exists a truncation F ≥s with F ≥s [s] a linear functor.
In the quotient Qgr(C) we have an isomorphism π(F ) π(F ≥k ) for any F in gr(C). Hence each π(F ) is a shift of a Koszul functor. In particular when C is a generalized Artin-Schelter regular Noetherian K-category, any finitely generated functor is finitely presented and a truncation of F is Koszul up to shift and torsion free. We proved in [MVS2, Lemma 5.4 ] that torsion free functors have projective dimension less or equal to one. It follows Qgr(C) has global dimension one and Serre duality.
For k ≥ i 0 the commutative exact diagrams
implies that there exists some integer m such that for all k > m the epimorphisms α k in the diagram are isomorphisms T k T k+1 . Therefore the ascending chain F 1 ⊂ F 2 ⊂ · · · ⊂ F k ⊂ · · · becomes stationary and gr(C) is left Noetherian. By Theorem 3.6 the section of C must be Dynkin, extended Dynkin or infinite Dynkin. This completes the proof of the claim.
Appendix: Yoneda products
Let Λ be a finite dimensional algebra over an algebraically closed field K. The Ext-category of the associated graded category A gr (mod Λ) is a Koszul category by [MVS1, Proposition 4.2] . As such we know that E(A gr (mod Λ)) is a quotient of the free tensor category T (E(A gr (C))) by an ideal I generated in degree 2 (see [MVS1, Section 5]) , that is, elements in
where C = Mod(mod Λ). The aim of this section is to describe the generators of this ideal, and we show that they are given by commutativity and zero relations.
We have seen that E(A gr (mod Λ)) is a generalized Artin-Schelter regular graded category of dimension 2 (see [IT] and [MVS2, Section 7] ). In particular we showed in [MVS2, Lemma 6 .1] that there is a natural isomorphism (ii) Similarly as in (i) the extension g corresponds to a morphism g : rad(−, X) → S τ C . Furthermore, we have a commutative diagram τ C αC / / f 1 C (S C , S X ) and it is induced by the Auslander-Reiten translate of pα C ), which is equal to β C ι. Furthermore, g(−, β X f ) represents the Yoneda product gf . Hence the claim follows.
(iii) We have that Ext 2 C (S C , S τ C ) S τ C (τ C) K, since the field is algebraically closed. The statement in (iii) follows from this.
Given any component K of the Auslander-Reiten quiver of Λ the categories A gr (K) and E(S(K)) are Koszul and Koszul dual of each other. If we consider them as quotients of free tensor categories as in [MVS1, Section 5] , it was shown there that they have orthogonal relations. We found the relations in E(S(K)) above, and it follows immediately that the relations in A gr (K) are the mesh relations.
We have earlier seen that in considering the Koszul dual of A gr (mod Λ), the problem decomposes into the separate components of the AR-quiver. So we restrict to one component K of mod Λ and form the Ext-category E(S(K)) with objects the simple functors S C with C in K and morphism Hom E(S(K)) (S C , S B ) = 2 i=0 Ext i C (S C , S B ). We shall associate a locally finite quiver Q to E(S(K)), which will be the opposite quiver of the Auslander-Reiten quiver of the component K. For each indecomposable Λ-module C in K, or equivalently each S C in S(K), there is a vertex v C in Q. 
In addition Q is a translation quiver. For non-projective indecomposable C in K and the corresponding vertex v C in Q, there is a vertex v τ C in Q and a bijection σ : {arrows from v C → v B } → {arrows from v B → v τ C }.
For each pair of indecomposable modules C and B in K, choose a K-basis for Ext 1 C (S C , S B ). Then we can define a map from Q 1 to E(S(K)) by, for each pair of vertices v C and v B in Q with a non-empty set of arrows from v C to v B , setting up a bijection between the arrows from v C to v B and the chosen basis for Ext 1 C (S C , S B ). Viewing KQ as a graded K-category in the natural way, we obtain a functor H : KQ → E(S(K)), which is full and dense. Let J be the ideal generated by the arrows in KQ. It follows that there is an ideal I in KQ with J 3 ⊆ I ⊆ J 2 such that KQ/I and E(S(K)) are equivalent as graded categories.
